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PLC-LiISLAM: LiDAR SLAM with Planes, Lines, and Cylinders

Lipu Zhou', Guoquan Huang', Yinian Mao!, Jincheng Yu?, Shengze Wang?, and Michael Kaess*

Abstract—Planes, lines, and cylinders widely exist in man-
made environments. This paper introduces a LiDAR simultane-
ous localization and mapping (SLAM) system using those three
types of landmarks. Our algorithm has three components includ-
ing local mapping, global mapping, and localization. The local
and global mapping jointly adjust planes, lines, and cylinders
with LiDAR poses to minimize the point-to-model cost, which
is referred to as plane-line-cylinder adjustment (PLCA). We
prove that, with some preprocessing, PLCA is independent of the
number of points captured from the three types of landmarks,
which makes efficiently solving a large-scale PLCA problem
feasible. The localization component conducts real-time pose
estimation through registering local planes, lines, and cylinders
to the global ones, which is referred to as plane-line-cylinder
registration (PLCR). We present an efficient solution for PLCR.
The detection and data association may introduce errors. We
correct these errors through checking the cost in the back-end. It
is difficult for the registration-based algorithm, such as LOAM
and ICP, to correct these errors, as they do not maintain the
data association. Experimental results show that out algorithm
outperforms the state-of-the-art LiDAR SLAM algorithms and
achieves real-time performance.

Index Terms—LiDAR SLAM, Optimization, Range Sensing

I. INTRODUCTION

IDARs have been widely used in various robots to

perceive the environment. Simultaneous localization and
mapping (SLAM) using LiDAR is a fundamental problem in
the robotics community. This paper focuses on investigating
LiDAR SLAM using planes, lines, and cylinders, and we seek
to achieve real-time performance.

In our previous works [1], [2], we explored planes for Li-
DAR SLAM, and introduced plane adjustment (PA) to correct
the drift, which is a counterpart of the bundle adjustment (BA)
in visual SLAM. As only planes are considered, these methods
will fail if there are not enough planes for pose estimation.
This paper extends our work [2] with lines and cylinders.
Specifically, our algorithm has three components including
local mapping, global mapping, and localization. In local
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Fig. 1. Planes and lines are the most commonly used landmarks in LiDAR
SLAM systems [1], [3]-[5]. But only considering the two types of landmarks
may lead to problems. As the LiDAR point cloud is sparse, it is easy to
misidentify a thin cylinder as a line (left image). On the other hand, a large
cylinder is prone to be misidentified as small planar patches (right image).
Thus it is necessary to incorporate cylinders into the LIDAR SLAM system,
and develop an effective method to correct potential detection errors.

and global mapping, planes, lines, and cylinders are jointly
optimized with poses. We call the resulting least-squares prob-
lems local and global plane-line-cylinder adjustment (PLCA),
respectively. In localization, the pose of a new LiDAR scan is
estimated by scan-to-model continuous-time registration using
planes, lines, and cylinders, referred to as continuous-time
plane-line-cylinder registration (PLCR). The contributions of
this paper are as follows:

o« We prove that, with some preprocessing, the iterative
minimization of local and global PLCA is independent
of the number of points captured from planes, lines,
and cylinders. As these objects are unbounded, many
points can be captured from them in a LiDAR scan. Our
algorithm makes efficiently solving a large-scale PLCA
problem feasible.

o We present an efficient solution for PLCR. We adopt the
first-order Taylor expansion to approximate the rotation,
under the assumption of a small rotation between two
subsequent scans, which is generally true. We iterate this
step if a fast rotating motion occurs.

¢ Our algorithm can tolerate certain detection errors. Due
to the occlusion and the sparseness of the LiDAR point
cloud, the detection process is prone to introducing
errors, as shown in Fig. 1 and Fig. 2. It is difficult to
solve this problem in the registration framework, such as
LOAM and ICP, where the data association is not well
maintained. Our algorithm corrects the detection errors
by checking the cost in the back-end.

II. RELATED WORK

LiDAR SLAM has been extensively studied. Point cloud
registration is generally used for LiDAR SLAM. This cat-
egory includes various ICP algorithms [4], [6]-[8], surfel-
based algorithm [9], LOAM [3] and its variants [10]-[15].
These algorithms estimate the pose through aligning two point
clouds. Then the 3D map is generated by simply assembling
the scans using the estimated poses. This may form a vicious
loop. Specifically, the pose error will degrade the quality of the
map, which will in turn further reduce the quality of the pose



estimation. In addition, as the data association is calculated on
the fly, it is difficult to handle the incorrect feature detection.

Jointly optimizing the landmarks and the poses can reduce
the drift. Planes are widely used in previous works for this
purpose [1], [2], [16]-[19]. However, only using the plane
alone will limit the applicable scenarios of the algorithm.
In [5], lines and planes are introduced into LiDAR SLAM.
The sliding window strategy is adopted for the optimization.
Assume that there are /N points that are captured from a line
or a plane in one scan. The computational complexity and
memory consumption for calculating the Hessian matrix re-
lated to these points are O(N?). So planes and lines in [5] are
divided into pieces to make the optimization feasible, which
loses the ability to establish the long-term data association
and may result in a suboptimal result. This paper shows that
the iterative minimization process can be independent of N
with some preprocessing, which can significantly reduce the
computational cost.

In addition to planes and lines, cylinders are also common
in various scenarios, such as trunks and lamp poles. However,
the number of works on using cylinders for LIDAR SLAM
is relatively small. In [20], cylinders are projected into the
ground to form circles for SLAM in SE(2). This algorithm
cannot employ the tilted cylinder and is not suitable for SLAM
in SE(3). In [21] and [22], cylinders are used to model trunks
in the forest environment. But, they do not focus on how to
accelerate the computation. This paper seeks to address this
problem.

It is known that loop closure can correct the drift of a
SLAM system. Loop closure is generally considered to occur
when a robot returns back to a previously visited place [1],
[15], [23]-[26]. Essentially, the loop closure is to establish
the data association between the current observations and
previously visited landmarks. As planes, lines and cylinders
are unbounded objects, it is not necessary to return back to
a previous place to revisit them. Similar to [2], we trigger
the global optimization when these unbounded objects are
revisited. This can correct the drift at an earlier stage.

III. NOTATIONS AND PRELIMINARIES

This paper uses italic, boldfaced lowercase and boldfaced
uppercase letters to represent scalars, vectors and matrices,
respectively.

Pose This paper represents a pose by a transformation

% f € SE(3) which converts the coordinates

of a point in a local LiDAR coordinate system to the global
coordinate system. Here R € SO(3) is the rotation matrix
and t € R? is the translation vector. In PLCR and PLCA,
X is parameterized by & = |w;t], where w is the angle-axis
representation of R:

matrix X =

sin(]|w]|2)

1 — cos(||w]|2)
||l

llwll3

eap([w]x) =Ts + [wlx + W, ()
where [w]x represents the skew symmetric matrix of w and
||w||2 denotes the L? norm of w.

Plane We represent a plane as @ = [n;d], where n is

the normal of the plane with ||[n||]2 = 1, and |d| equals to
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the distance from the origin to the plane. In PLCA, = is
represented by the closest-point parameterization n = dn [27].

Line We apply the Pliicker coordinates [28] to represent
a 3D line, which is a six-dimensional vector | = [d;m],
where d is the direction of ! with ||d||]2 = 1, and m is
perpendicular to the plane determined by the origin and I,
and ||m||2 equals to the distance from the origin to I. I has
four degrees of freedom. In PLCA, we adopt the method
introduced in [29] to parameterize [. Specifically, given I, we
first construct a rotation matrix R! = [d, T @ X ﬁ],
where x denotes the cross product. Assuming w' is the angle-
axis representation of R! in (1), we can parameterize I by a
four-dimensional vector ¢ = [ w'; ||m|]2 |.

Cylinder We denote a cylinder as ¢ = [I¢;7], where [¢
is the Pliicker coordinates of the central line of e, and r is
its radius. In PLCA, we parameterize ¢ by a five-dimensional
vector v = [ €% r |, where € is the parameterization of I°
defined above.

Observation Let us use m to represent a plane, a line or a
cylinder, i.e., m € {m,l, c}. Suppose that m; denotes the jth
landmark, and assume that m; is observed at pose X;. The
observations of m; at X; form a set of Ng‘ points, denoted

N .
as P77 = {p[7; },,~,- We denote the homogeneous coordinates
of pi. as pr [pgyk;l]. Stacking the homogeneous
coordinates of the points in P77, we get a N;j* x 4 matrix

PP =[] )

As planes, lines and cylinders are unbounded objects, N[;‘
can be very large, which leads to a large-scale least-squares
problem.

Optimization The Levenberg-Marquardt (LM) [30] al-
gorithm is generally used to solve a least-squares problem.
Given a least-squares problem x = arg min ||e(x)||3, the LM
algorithm updates the solution by xx+1 = X + A at the
kth iteration. Here A is the solution of the following linear
equation system

(JEI + MDA = —JTe, (3)

where J. is the Jacobian matrix of € at X%, and A is the
parameter of the LM algorithm, which is adjusted at each
iteration to ensure that the value of ||e(x)||3 reduces.

To apply the LM algorithm, we generally first compute J,
and €, and then substitute them into (3) to compute A. As
N/ can be very large, this straightforward approach may be
computationally demanding. On the other hand, it is clear
that only J'J. and JZe are required to get A. We show
that JETJ,E and J eTe of PLCA have special structures, which
can be used to accelerate the computation.

Quadratic Form A symmetric matrix A = [a;;] € R"*"
determines a quadratic form ¢ga = y’ Ay, where y =

[y1;-* ;yn]. We can write ga as
n n

qa :yTAyZZZaiijj =a’x, “)
i=1 j=1

WhereX:["' Qyiyﬁ'"](igj)anda:["' QCijaijJ'"]

(if i = j, cij = 1 and if (i < j), cij = 2).
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Matrix Calculus Assume z = [z1;--- ;2] and 2z is a
vector function of y defined above. Suppose P € RFX™ is a
constant k x m matrix. Let us define f = Pz and denote the
Jacobian matrix of f as J¢. According to the matrix calculus
rule, J¢ has the form

0z
J,=P—
f ayv

az |9z
yi

Z] is the entry at the ith

:| c R’an. (5)

Here g—z is a m X n matrix, and

row and jth column of 82

IV. POINT-TO-MODEL RESIDUAL

Here we describe the point-to-model residuals for PLCA.
The residuals for PLCR in Section VIII can be easily derived
from them.

Point-to-Plane Residual We denote the jth plane as
and its parameterization as 7);. The residual between m; and
Py € P7; observed at X; has the form

5fjk(nj,wi) :7Tj Xﬂazk (6)

Stacking 47 (n;, ;) in (6) for the N7 points in P7;, we get

the residual vector 875 (n;,x;) = [+ ;67 (n;,®:);- -] for
Uy at Xz

Point-to-Line Residual Assume that the jth line I; =

[d;; m;] with the parameterization ¢; is observed at X;. The
residual vector between I, and p! ik € Pﬁj can be written as

8Lk (& i) — (Riplyy + i) x dj, (7
where R; and t; are the rotation matrix and translation vector
of X;, respectively. We can concatenate 8, (¢;, ;) for the
NY points in P!, to get the residual vector &% (¢j, i) =
[ ”k(cj,az) ---] for I; at X;.

Point-to-Cylinder Residual The residual between c; with
the parameterization v; = [(F;7;] and its observation pf;; €
PF; at X; is defined as

=m;

05k (v, @) = (107 (C5 )13 — 75, ®)

where 6,’] 1 (CF, ;) is the point-to-line residual vector defined
in (7). An alternatlve option to define the residual between c;
and pg;,. is €5 = 1102, (C5, i) |2 — rj. Compared to £,
of; i i (8) can benefit the computation. Specifically, we will
show that, with some preprocessing, the computational com-
plexity of minimizing the cost from (8) is independent of the
number of points in P7;. 7, cannot lead to this performance.
Stacking 05, (v;, ;) for the N points in P§;, we obtain the
residual vector 8f; (v, @;) = [+ 505, (v, 2;); -+ -] for ¢; at
X;.

Residual with Fixed Pose For local PLCA, poses out of the
sliding window are fixed. Suppose that a landmark m; (m €
{m,l,c}) is visible within the sliding window, and was also
observed at a pose X; that is out of the sliding window. Let
us denote the estimated value of X; and its parameterization
as X; and &;, respectively. We define the residual vector for
points in P77 as

Elj (mj) 513 (a:“ m]) (9)

In the following description, we remove the unknowns of
the residuals for simplicity (e.g., ijk(cj, T;) — 5fjk).

V. SYSTEM OVERVIEW

Our system includes a front-end and a back-end. The front-
end detects planes, lines and cylinders, and establishes the
local-to-global data association for real-time pose estimation.
It also determines when a new keyframe should be created.
The back-end includes local and global PLCA. They are im-
plemented in two different threads. The local PLCA optimizes
poses within a sliding window and the landmarks observed by
these poses. We conduct local PLCA when a new keyframe is
created. The global PLCA optimizes all the landmarks and all
the poses except for the first pose. We trigger the global PLCA
when landmarks are revisited. As planes, lines, and cylinders
are unbounded objects, the robot does not need to return back
to a previously visited place to trigger the global PLCA.

VI. FRONT-END
A. Landmark Detection

Split Scan Lines The LiDAR point cloud is comprised
of multiple scan lines. Each scan line forms one row of the
range image. We split a scan line into segments. Specifically,
we adopt the method introduced in LOAM [3] to measure the
smoothness of each point. Let us assume that p;; is the jth
point in the ith scan line, and S;; contains the points around
p;; in the ith row. We compute

c = Z Dij — pzkHQ

(10)
|SZJ| ||pw‘|2 Pir€Ss,

Let us denote as c,, the median of the ¢ values of a scan
line. The points whose c values are above the 95¢th percentile
or larger than 5c,, are considered as on edges. If some edge
points are close to each other, we only keep the one with the
largest c. These points form a set [E, and split a scan line into
segments. The points between the endpoints form a set . We
adopt a region growing method to detect the landmarks.

Plane and Cylinder Detection The detection of planes
and cylinders is similar to [31]. We start the detection from
the first scan line. Given a segment PP in the 4th scan line,
for each point in PP, we first find its k nearest points which
belong to F but are not in the ith scan line. We then fit a plane
to these points using the RANSAC algorithm. If the average
point-to-plane distance of the inliers is larger than a threshold
or the number of inliers is smaller than a threshold, we try to
fit a cylinder to these points using the RANSAC algorithm. If
the cylinder assumption results in a larger number of inliers
and a smaller average distance, we treat these points belonging
to a cylinder. We repeat this step until no points can be added
into the cluster.

Line Detection We adopt a similar method for line
detection. For a point py € E that belongs to the ith scan
line, we first find the nearest point p; € E in the (i + 1)th
scan line. A line I is computed using py and p;. We then find
the nearest point po € E of p; in the (i + 2)th scan line. If
the distance between po and I is smaller than a distance, we
fit a new line using py, p1 and ps. This process is repeated
until no points can be added.

After the detection, we seek to merge the landmarks with
similar parameters. We only detect planes, lines and cylinders



in the whole scan at the first scan. For other keyframes,
these landmarks are detected in the non-tracked points. Fig. 2
demonstrates the results of our algorithm. As illustrated in
Fig. 2, the landmarks may be misidentified in this stage. We
will correct the misidentifications in the back-end, as described
in Section VII-C.

B. Forward ICP Flow

We adopt the forward ICP flow introduced in [2] to establish
the local-to-global data association. Let us assume that S; 1 is
the subsequent scan of S;. We first compute the set [E and F for
S;+1, as described in section VI-A. We build two KD trees for
E and F, respectively. Assume that P77 is the observation of
m; in S;. For each point in P77, we find n nearest neighbors
in S;11 (n = 2 in our experiments). For a plane or a cylinder,
we simply combine these points. For a line, we only keep the
one with the largest c. Assume that this yields a set Q7% ;.
We adopt the RANSAC algorithm to find the inliers P77}, ;,
and then enlarge P}, ; through the region growing method.
If [P7, ;| is too small, we ignore this match. Otherwise,
this yields a local-to-global correspondence my; <« P}, ..
These correspondences will then be used in PLCR for pose
estimation, which will be introduced in Section VIII. We
can conduct the forward ICP flow for different landmarks in
parallel.

C. Create Keyframe

Motivated by ORB-SLAM [32], we initially create many
keyframes to reduce the drift of PLCR through local PLCA,
and then sparsify them to make the global PLCA feasible. We
create a new keyframe if one of the following conditions is
met:

e More than 20% of the points in the current frame are not
tracked.

o The rotation angle between the current frame and the last
keyframe is larger than 5°.

o The distance between the current frame and the last
keyframe is larger than a threshold ¢; (t; = 0.2m for
the indoor environment and ¢t; = 0.5m for the outdoor
environment).

For a new keyframe, we detect planes, lines, and cylinders
in the non-tracked points using the method introduced in
Section VI-A. These new local landmarks are then tried to
match with the global landmarks. For a new detection m,
we find the global landmark which has the smallest root mean
squared error (RMSE). Let 4, denote this smallest RMSE. If
dyt, < A (A= 5cm in the indoor environment and A = 15¢m
in the outdoor environment), we keep this correspondence. If
dm.. < 3\, we perform geometric consistency checks (GCC),
otherwise we add a new global landmark.

Inspired by [2], we check the geometric consistency of new
correspondences through the trial-and-error method. Specif-
ically, we add the new correspondences into PLCR, local
and global PLCA, subsequently. Each new correspondence is
checked individually in PLCR, and new correspondences are
checked together in local and global PLCA. If the RMSE of
a new correspondence is smaller than A at one of the above

three checks, we retain this correspondence.
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Lines generated by occlusion

Fig. 2. Planes, lines and cylinders detected by our algorithm. Our algorithm
can correctly identify most of the landmarks. But it also introduces several
errors. The lines on the walls in the red rectangles are generated by the
occlusion. Our algorithm also misidentifies a pole as a line. These errors will
be corrected in the back-end.

When a new keyframe is created, the oldest keyframe is
removed from the sliding window, if the window is full.
We keep this keyframe for the global PLCA, if one of the
following conditions is met

o This keyframe contains new detected landmarks.

o The rotation angle between this keyframe and the last
retained keyframe is larger than 10°.

« The distance between this keyframe and the last retained
keyframe is larger than t5 (o = 2m for the indoor
environment and to = 5m for the outdoor environment
in our experiments).

If we keep this keyframe, we update K7 according to (28)
and store H77 that will be introduced in the next section. We
will further sparsify the keyframes, if the number of keyframes
is too large.

VII. PLANE-LINE-CYLINDER ADJUSTMENT

A. Global Plane-Line-Cylinder Adjustment

Global PLCA is to jointly adjust the poses and the planes,
lines, and cylinders to minimize the squared point-to-model
distance. Formally, the global PLCA has the form

Z Yo > B,

t me{m,l,c}je0™

min
{zi},{n;}
{¢GitAv;}

(1)

where O™ represents the indexes of planes, lines or cylinders
observed at X;. The first pose is fixed during the optimization.

Let us assume that 6 and Jg are the residual vector and the
corresponding Jacobian matrix of (11), respectively. We adopt
the LM algorithm to minimize (11). As shown in (3), instead
of Js and &, only JXJs5 and JL§ are required by the LM
algorithm. For PLCA, we can divide Js and d into blocks as

S=1[;07 Jand Js=[-;I7;]. (12)

Using (12), we get
J56 =" (I o7 and J3Is => (ITHTIT. (13)
The following propositions provides the forms of (JZ’.?)TJW

and (J{?)TJZL for the jth plane, line and cylinder, respec-
tively. The proofs of the propositions are in the Appendix.
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oy . T T
Proposition 1: (J7;)" 67 and (J7;)" J7; have the forms

@77 = [ (UTHEaw,)” - (VIHEGy)" -]
] 1] ( az;) ( a”) 5
T "rr T .ﬂ-
U;;HU;; U,HTV,;
5" = : ;
Ty™ Ty~™
ViiHi Ui Vi HE Vi
_ a4)
where o;; = X7 mj, HT = (PW)TPZ’ U, = %‘j;j and
Vi; = 3(1” . Here U;; and V;; are computed according to
5).

Proposition 2: For I; = [d;;m;], let us define L; =
[[dj]x,m;], and Lg.l], LE.Q], LE.‘S] are the three rows of L.
Then 55‘7‘ i in (7) can be written as:
. 1 2. (= 3
5;_719 = |:( zjk) z[]]7 (pz]k)T/@z[j]; (pg_]k:)TIBZ[j]:Ia (15)

where BB] = (Lgl]Xi)
(LX)

Proposition 3: (J!,)76}; and (J%;)7JL; are similar to
(I75)" 67 and (J )TJ"- in (14), respectlvely The two non-
zero blocks of (J! )T(il have the forms

T = WPX,)7, and BY =

23: ANTHL B! and i(BE?])THg@[?], (16)
n=1 n=1
where HY; = (PL,)TP!,, A["] Z] and B[n] . The
four non-zero blocks of (J ﬁj)TJ L have the forms
3 3
(AT HLALL Y (A H] B,
n;l n3:1 (17)
>_B)TH AL 3B TH, B
n=1 n=1

Proposition 4: For ¢; = [I§;7;] and its observation pf;;, €
P¢; captured at X;, let us define 7'[]1 = ( ”["])TY’” e [n]
(n =1,2,3) where X}, = p”k(pwk) € R*™* and B [”]

deﬁned for I according to (15). Let us expand the quadratlc

form T[ ,1 as 7. [ ,1 = qun[ "] according to (4), then Jck in (8)

has the form

3 [n]
c 17 K'/
85k = 9in7vij, where giji = [quk} Yij = [Z" !

—r2

(18)

Proposition 5: (J)7 05 and (J§;)"J¢; are similar to

(I75)767 and (IT;)TJIT in (14) respectively. Using g, 5 in

(18), we define Gf; = [ -- ,gmk, -+ ] for points in P§;. The
two non-zero blocks of (J)7d¢; have the forms

M7 HS~;; and NJHS,~;;, (19)

where H; = (G§)7 G, My; = 22, Ny = F and ;5
is defined in (18). The four non-zero terms of (J§;)"J¢;

the forms

have

M} HSM,;;, MUHS N, NJH{;M,;, and N} H;N;;.
(20)

Proposition 6: Given H* (m € 7,1, ¢), the computational
complexity of computing (Jm)TJm and (Jm)TJm is N%
relative to the traditional method (i.e., computing J7%* and 6
individually and then multiplying them together).

According to the above propositions, given HJ7, (J Z‘)T(')'Z]"
and (J Z’)TJ i7 are independent of the number of points in
P77, HIT is a constant matrix. We only need to compute it
once, and then reuse it during the iteration.

B. Local Plane-Line-Cylinder Adjustment

The local PLCA optimizes the poses within a sliding
window and the landmarks observed by these poses. The poses
out of the window are fixed. Formally, the cost function of
local PLCA has the form

mlnz Z Z 1657112 + Z Z Z 13115,

Lw <c 1€EWme{mw,l,c} jE0 me{m,l,c} jeV™m™ zeFmJ

21
where X, is the set of poses within the sliding window, P,,,
L., and C, are respectively the visible planes, lines, and
cylinders at the poses in X,,, W comprises the indices of the
poses in X,,, V™ contains the indexes of visible planes, lines
or cylinders, and I,y ; includes the indexes of poses out of the
sliding window that saw the landmark m;, O] is defined in
(11) and €77 is defined in (9).

To minimize (21), we can use the method introduced in
section VII-A to handle 5%‘ in (21). For z—:gb, we present a new
method to reduce the computational cost of the LM algorithm.
The observations of m; at the poses out of the sliding window
form a set

= {Pi}]i € Frn; }- (22)
Given X, we stack E%L and Q7 = PZ”XZ-T for all points in
Ppm
j
e =[- el ]and QM =[-;Q--]. (23)

J

Let J7 denote the Jacobian matrix of e}" The followmg
propos1t10ns provide the forms of (J m) ™ and (J m)
Proposition 7: (J7)"eT and (JT')TJ7r have the forms

(I TeT = [ : gpjTK;_"ﬂ—j; } ’

(24)

T\T ym __ T-ﬂ' .
@T)TIT = T,

where K7 = (Q7)" QT and ¥; = g"]
Proposition 8: (J)7e!; and (Jl)TJl are similar to

(J’T) e7 and (J")TJ;r in (24), respectively. The non-zero

blocks of (J; L )Tel and (I} L )Tt L respectively have the forms

3
Z (@")TKLLI)T and Z @KLl (25)



[n]\T
a(Ll")

L _ (Ol\T
where K = (Q;) 3¢

Proposition 2.

Proposition 9: For ¢; = [If;7;] and its observation pf;; €
P?; at a fixed pose X, let us define uuf (LC["])TQ kLcl"l
(n = 1,2,3), where LC["] is defined for lc according to
Proposition 2, and Ql]k = X, T”k( a7 Where Tiji is
defined in Proposition 4. The residual €7}, for p7;, has the
form

y 3 [n]
e — kL o ki = Wijk = D=1 ng 26
Ez]k 7,]]@()0 gy Nijk |: 1 y Pij Tj ) ( )

U own [n] . .
G P = ,and L; is defined in

where w;;;, and pgj]

Proposition 10:

[ ;C = w”kpgjl according to (4).

and (J$)7JS are similar to

satisfy p;
(I5)"ef

1]

(J;’)TE;' and (J’»’)TJ;" in (24), respectlvely Let us define
Ci=1[- kz;k, ++] for the points in the set P§ in (22),

where k” & is defined in (26). The non-zero blocks of J c)
and (JJC)TJJc respectively have the forms

A;FKﬁcpij and A?K?Aj, (27)
where K¢ = (C$)TC$ and A, %‘Z”.

Incrementally Update Km From the above propositions,
we know that K7 is essentral for computing (J m) e’ and
(Jm)TJm As the number of points in P7* increases, the
computation for K7™ becomes expensive. Fortunately, we can

calculate K7™ incrementally. Specifically, let us assume that

the nth keyframe with the estimated pose X, is removed
from the sliding window. The observation of m; at X, is
a set of points P7%. For m € {1}, we first consider
Q7" defined in (23). Let us denote the old QJ™ as Olde
According to (23), we compute Q7% = PmXT for points in
P77, and construct the new Q7™ by "“”Q;n = [Old ™ Q.
Then according to (24) and (25), we can compute "“ K™ =
(ner}n)T nerm — (olde)T oldQ;n +( nmJ)T nm] —
K™ 4+ (Q) )TQm For m = ¢, according to Proposition
10, we construct Cc = [+ ;knjk;---] for points in P,
and generate a new C;f' by " C¢ = [?[C¢; Cg,]. Then
according to (27), we have "“K§ = ("“C¢)T v CS =

(oldcje)T oldC}: + (C;:Lj)TC(v:Lj _ oldKje + (Cg )Tcgj'
summary, we have
newK;n _ olde + I{ﬂfﬂ]7 (28)

where K7 = (Q)"Qp if m € {m,I}, and K, =
(Crj )TCfU, ifm=c

C. Correct the Detection Error

The detection may misidentify the landmarks. One general
error is that cylinders are misrecognized as lines or planes,
as shown in Fig. 1, and another one is the fake line due to
occlusion, as shown in Fig. 2. We seek to correct these errors
after more information is available. During the local and global
PLCA, we check the RMSE of each landmark. If a RMSE
is larger than a threshold, there may exist certain errors. We
conduct different strategies for the three types of landmarks.
For a cylinder, we directly remove this landmark. For a plane
and a line, we fit a cylinder to these points. If this results in
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a smaller RMSE, we use the cylinder to model these points.
Otherwise, we remove this landmark if it is identified as a
line. Removing planes may result in insufficient constraints
on a pose in some unstructured environment, as demonstrated
in Fig. 3. Thus we do not remove planes. For a plane, assuming
its RMSE d is larger than a threshold, we use e~ to reduce
its weight.

VIII. PLANE-LINE-CYLINDER REGISTRATION
A. In-scan motion

The ith scan S; is captured within the interval (¢,t5]. We

1771

adopt the pose at ¢7 as the pose of S;, and denote it as X;.
Assume that the motion within (¢, t¢] results in a relative rigid
body transformation X; ;1 from X to X;. The relationship
between X; and X,;;; can be written as
Xit1 = XX 41 (29)

We denote the parameterization of X, ;11 as x; ;41 =
[wiit1,tii+1], and the relative pose at ¢t € (¢7,t¢] and
its pararneterization as Xf i1 and a:ﬁ ;11> respectively. Let
t—
.
estimate acl 41 as done in [1]-[3], i.e., wz i1 = STi it We
use the plane line-cylinder registration to compute «; ;41 and

undistort the in-scan motion as well.

us define s = . We adopt the linear interpolation to

B. Constraints

As the rotation component of the motion within (¢5,¢¢] is
generally small, as done in [2], this paper adopts the first-order
Taylor expansion of (1) to approximate the rotational part of
Xi,i+1, i.e.,

(30)

Constraints from Planes Let us first consider the con-
straint on x; ;11 from a plane. Suppose 7r; is observed within
S;i, which generates a set of points P7;. According to [2],
P, € Py captured at time {77, results in a linear constraint
on x; ;+1. Specifically, using (29) and (6), we have

Ri ;1 =I5+ slwii1]x

tT
™ 17k ~TT 7|' ik ~TT
Eijk(wi,iJrl) =T, § X Xz i+1 Piji = Xz z]Jrlpz]k? 3D
where ¢7; = 7] X;. Let us define ¢7; = [afs, b7, T, dT ]
Tiiv1 = [ml’t-lrlv 1), and pfy, = (275 ¥l 20y 1] and
f"r

8Ty = ;’e’“ --. Substituting (30) into (31) and expanding

it with the' above notations, we obtain a linear constraint on

wz,z+1'
T o T T 4 T T T
€ijk N €k = WijTi 41, Where wjy, = laijk7 bijkla
™ _ ™ T, T T T ™ T
Ak = Sijk [Cijyijk — b2k, a2, — C z]k?
TT T T T T TT T
i Tiik — QigYisks Ay bigs Cij] ; (32)
T ™ .7 T, T ™. ™
ik = (aijxijk + 05yl + cfzije + dij) .

Stacking all the constraints from the planes observed within

S;, we obtain linear constraints on &; ;1:
=W7Z 1. (33)

Constraints from Lines Let us assume that a line I; is
observed within S;, and p! ;1 1s point on I; captured at time
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Fig. 3. The environment of KITTI sequence 09 is not well structured. Our
algorithm can still work on this sequence. But SuMa [9] slightly outperforms
our algorithm on this dataset.

tﬁjk. Using (29) and (15), the nth (n = 1,2, 3) element of the
residual vector for p!;, has the form

62}[;:] (®i,i41) =

Linl _

i ~1 l,[n i ~
L[ X Xz Ziﬂ%yk (bi]‘[ ]Xz Ziﬂ%;k’

where ¢%" = LIX;. 1t is clear that (34) is similar to (31),
which generates a linear constraint on &; ;41:

(34)

Lin] _ L]~

ijk C”k Z; Jit1- (35)

So stacking the constraints from the lines observed within S;
yields

el =Wk, ;1. (36)

Constraints from Cylinders Let us assume a cylinder ¢; =
[15;7;] is observed within S;. For a point pg;, captured from

¢;, we compute c; 1% n]
s p ik

to (35). Let us define El [n] =(c
(35), we have

for the central line I of ¢; according

j
L [n])T 1% [n] . Using (8) and

ijk z]k

3 3
e _ 1°,0n]) 2 - 2
€ijk = § : €ijk - 7" = mz 141 E , Uk Liyit1 =T

n=1

a7 X, i+1
_ [C 27 | Xi,i+1
= [qijka _Tj} [ 1

Here we apply (4) to yield g7, Xi,i+1. Stacking the constraints
from all the cylinders in Si, we get

] = Yy Xi,it1- (37)

e =Y Xiit1- (38)

The coefficients in (32), (35) and (37) can be computed in
parallel.

C. Estimate x; ;1

Planes, lines, and cylinders observed within S; are used to
compute ; ;11. Let us define O; = (WF)TWZF +(WHTW!
and Z; = (Y¢)T'Y¢. Formally, the cost function for PLCR has
the form

min E ||e§”\|§:i
Liit1
m

The Hessian matrix and the gradient of (39) are easy to be
computed. Thus we adopt the damped Newton’s method to
minimize (39). If only planes or lines are observed within S;,
the cost (39) is a linear least-squares problem which has a
closed-form solution.

Here we assume the rotation angle is small. If the rotation
angle is large, equation (30) cannot well approximate the
rotation matrix. We adopt the method introduced in [2] to

Z¢+10ifﬁi,i+1 + XZT,Z-HZD&,HL (39)

solve this problem. Specifically, if the cost in (39) is large, we
use the current X; ;41 to transform pz?k. Then we use the new
Dijy to recompute a new X, ;,q. We repeat this step until it
converges or the maximal number of iterations achieves. Let
us denote as sz 1 the result from the kth step. Assuming m
iterations were conducted, we have X, ;11 = HZL1 sz 41
During the iteration, we adopt the bisquare weight for robust-
ness as done in [2], [3].

IX. EXPERIMENTS

In this section, we evaluate the performance of our algo-
rithm. All the experiments were conducted on a desktop with
an Intel i9 CPU and 64G memory. Fig. 4 demonstrates the
dense reconstruction from our algorithm.

A. Outdoor Environment

We first evaluate the performance of our algorithm in the
outdoor environment. We use the KITTI dataset [33] for this
purpose. We compare our algorithm with LiTAMIN2 [8],
SuMa [9], LeGO-LOAM [10] and LOAM [3]. LiTAMIN2
and SuMa have the loop closure function, and LeGO-LOAM
and LOAM do not. We also consider the performance of our
algorithm without cylinder, referred to as PL-LiSLAM. The
KITTT dataset corrected the motion distortion of the LiDAR
scan. Thus we set s in (30) to s = 1. We adopt the metrics
introduced by the KITTI dataset to evaluate the accuracy of
different algorithms. Table I lists the results. It is clear that our
algorithm outperforms previous algorithms on most sequences.
SuMa [9] provides a better result on sequence 09. This is
because the sequence 09 is a country scene. Its environment is
not well structured, as demonstrated in Fig. 3. PLC-LiSLAM
outperforms PL-LiSLAM, as cylinders can more accurately
model poles and trunks which widely exist in man-made
environments.

B. Indoor Environment

To evaluate the performance of our algorithm in the indoor
environment, we use the four indoor datasets in [2] and a new
dataset that contains a large cylinder as shown in Fig. 4. The
ground truths of these datasets are obtained from a NavVis M6
device. We compare our algorithm with BALM [5], 7-LSAM
[1], w-LiSLAM [2]. 7-LSAM and 7-LiSLAM only use planes
as landmarks and are with the loop closure. BALM uses lines
and planes as landmarks but without the loop closure. We use
the absolute trajectory error (ATE) to evaluate the performance
of different algorithms. Table II provides the results. It is clear
that our algorithm outperforms other algorithms.

C. Runtime

We evaluate the runtime of our algorithm on the KITTI
sequence 00 and the indoor dataset C. The KITTI dataset
uses a velodyne LiDAR with 64 scan lines, and the indoor
dataset uses a Velodyne LiDAR with 16 scan lines. Table III
provides the results. As it takes /00 ms for the Velodyne
LiDAR to finish one scan, the front-end of our algorithm
achieves real time. The runtime of the local PLCA on the
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TABLE I
THE RESULTS OF DIFFERENT ALGORITHMS ON THE KITTI ODOMETRY DATASET. [33]

Rotational error (degree per 100m) / Translational error (%)

Method 00 01 02 03 04 05 06 07 08 09 10 Avg

LiTAMIN2 [8] 0.28/0.70  0.46/2.10  0.32/0.98 0.48/0.96 0.52/1.05 0.25/0.45 0.34/0.59 0.32/0.44 0.29/0.95 0.40/0.69 0.47/0.80 | 0.38/0.88
SuMa [9] 0.22/0.64  047/1.77 0.41/1.23  0.46/0.57 0.27/0.39  0.20/0.42 0.28/0.51 0.52/0.65 0.35/1.15  0.20/0.57 0.27/0.69 | 0.33/0.78
LeGO-LOAM [10] | 1.05/2.17 1.02/13.4 1.01/2.17 1.18/2.34 1.01/1.27  0.74/1.28  0.63/1.06  0.81/1.12  0.94/1.99 0.98/1.97 0.92/2.21 | 0.94/2.82
LOAM [3] - /0.78 - /1.43 -/0.92 - /0.86 - /0.71 - /0.57 - /0.65 - /0.63 -/1.12 - /0.77 - /0.79 -/0.84
PL-LiISLAM 0.24/0.66  0.34/1.39  0.39/0.97 0.42/0.60 0.29/042 0.26/0.46 0.22/0.48 0.31/0.47 0.32/0.89 0.26/0.67 0.28/0.73 | 0.30/0.70
PLC-LiISLAM 0.20/0.61  0.34/1.38  0.31/0.82  0.33/0.52 0.21/0.36  0.22/0.38  0.16/0.42  0.25/0.41  0.23/0.73  0.25/0.61  0.25/0.67 | 0.25/0.63

TABLE II where PZ;- is defined in (2). Here «;; is four-dimensional

THE ATES OF DIFFERENT ALGORITHMS ON THE FOUR INDOOR
SEQUENCES FROM [2] AND A NEW COLLECTED INDOOR DATASET E THAT
CONTAINS A LARGE CYLINDER.

A B C D E
Length (m) 2619 2940 391.7 139.7  96.2
BALM [5] 0.34 0.21 - 0.23 0.29
7-LSAM [1] 0.082  0.16 0.13 0.11 0.18
7-LiSLAM [2] | 0.039 0.042 0.033 0.048 0.073
PLC-LISLAM | 0.034 0.039 0.031 0.043 0.032
TABLE III

RUNTIME (MS) OF DIFFERENT COMPONENTS OF OUR ALGORITHM.
KEYFRAME CREATION IS ONLY CONDUCTED WHEN A NEW KEYFRAME IS
REQUIRED. KC IS SHORT FOR KEYFRAME CREATION.

Dataset Front-end Back-end
Forward ICP Flow PLCR KC Local PLCA Global PLCA
KITTI 00 36.1+6.2 32.3+5.3 187+3.1| 81+£1.6 893 +433
Indoor C 10.3+£2.3 96+18 52+06 | 53+0.9 308 £ 210

KITTI dataset is not much longer than the local PLCA on the
indoor dataset. This is because the computational complexity
of the LM algorithm is independent of the number of points
on a landmark.

X. CONCLUSIONS

In this paper, we introduce a new LiDAR SLAM algorithm
using planes, lines, and cylinders. We prove that, with some
preprocessing, the minimization of local and global PLCA is
independent of the number of points captured from planes,
lines, and cylinders. In addition, we present an efficient solu-
tion to the PLCR problem. The detection may introduce errors,
which are problematic for the method based on registration.
Our algorithm checks and corrects the errors in the back-
end. Experimental results show that our algorithm outperforms
the state-of-the-art methods and achieves the real-time perfor-
mance.

APPENDIX
A. Proof of Proposition 1

Let us define X7'm; = ;. According to (6), we get

57;k 7T X7pz]k (pz]k) XzTﬂ-J - (ﬁz;k)TaU (40)

Stacking (40) for the N/ points in P}, we get the residual
vector 87; for m; at X

o = 1)

al]?

vector whose elements are functions of n; and ;. According
to (5), the Jacobian matrix of 5" has the form

JT=[0 .- PTU,; - PTV, 0], (42
where U;; = %a,lij and V;; = %% According to the block

matrix multiplication rule, (Jg;)T5;"j and (JZ;-)TJZ; have the
form as (14).

B. Proof of Proposition 2

According to (7), we have

szpﬁjk + ¢
1

— my +d; ] (Riply, + ) = [[d;] ) [

ijiﬁgjk = [LB”X me L[ ]X szka L§3]Xi ﬁﬁjk]
S~—— \/—/ S~——

ijk

(BihT BhT (BEHT

= (@408 B85 (80785
(43)

C. Proof of Proposition 3

07 in (15) has three elements. Stacking them individually

for the N i points in IP”, we get

1]’

5l = | PL,8l}; Pl (44)

where Pl] is defined in (2). According to the definition of

,82; , ﬂ[z] and 65] in (43), we know that their elements are
functlons of ¢; and x;. According to (5), the Jacobian matrix
of 6Zl-j has the form

0 - P;;Ag.] PZ;-BE.] 0
Jy=o...prAll ... PprBl ...0|,  @5)
(3] 3]
0. PFAl ... PTBI .0
(n] _ 981 [n]_ By
whereA = B¢, and B, = Zor-

Substltutmg (44) and (45) into (J i
we can easily verify that the non-zero blocks of (J3;)
and (Jﬁ )TJ ! have the forms as (16) and (17), respectlvely

LYTSE and (JL)TJE
j) i ( )T(s{

|
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Fig. 4. The dense reconstruction result for the indoor dataset A (top) and E
(bottom). The cylinder in dataset E is accurately reconstructed.

D. Proof of Proposition 4
Using (15), we can rewrite 6fjk in (8) as

3

c c [n\T ~c ~c T pe [n 2
ijk — Z(ﬁij[ ]) pijk(pijk) ﬁij[ ]*7'3'

n=1
3 3
2 _ T [n] 2
75 = Qijk Rij =7
n=1

> 85 15
—_—

n=1

T, [n] (46)
ijk i

3 [n]
Kk
= [Qiij 1] [En:;z R } = GijkYij
~~ J
| S —

q

Gijk

where ;5 and Bc ("] are defined in Proposition 4 and the
equation (ﬁ[ ])TT ,6'1[?] = qwkmgj] is based on (4).

E. Proof of Proposition 5

Stacking (46) for the Nicj points in ]P’fj
definition Gf; = [+ ; gijk; -], we get

and using the

65] = Gzc]’yl] (47)

According to (5), the Jacobian matrix of 45; has the form

IT=[0 - GEMy; - GENy 0], (48)
where M;; = %'ﬁj and N;; = 8"” . According to the block

matrix multiplication rule, the non-zero blocks of (I5)Ter
and (J iTj)TJ 7 have the forms as (19) and (20), respectively.

FE. Proof of Proposition 6

According to Propositions 1, 3 and 5, given HJ7, the
computational complexity of (Jm)Tém and (Jm)TJm is
O(1). Instead, the computational complexity of the traditional
method is O(N /7). So the computational complexity of our
solution is relative to the traditional method.

Nm
]

9
G. Proof of Proposition 7
Using (41), we can write eZ;- in (9) as
According to (23), €7 can be written as
s;r:[:Q7,j7r1]7]:[u 'L]7]7TZJZQJC7TJ (50)

According to (5), the Jacobian matrix of €7 has the form
J}'z[O . Q;’WJ - 0], (51

g—:,’_'. Using the rule of block matrix multiplica-
TeT and (JT)TJT have

where ¥; =

tion, we can easily verify that (J7)
the forms as (24).

H. Proof of Proposition 8

Using (44) and the definition of 8./
we can write Eﬁj as

(n = 1,2,3) in (43),

= [PLX(L)T; PLXG(L)T; PLXG(LY)T ]
=[ QL) QI QI .
Stacking the tree terms of (52) individually and then using
the definition of Q;‘ in (23), we get

(52)

e =1 QUL QUILHT: QUELHT ). (53
Using (5), we can then get the Jacobian matrix of 55-:
0, --- 1@1 e 0
Jéz 07.. 21; 0, (54)
0, - ] j, e 0
n o@mT o
where &7 = aé, (n = 1,2,3). By substituting (53) and

(54) into (J ;)Tsé- and J E)TJz-, it is clear that their non-zero
blocks have the forms as (25).

L. Proof of Proposition 9

Substituting 3 [l — (Lc[ ]Xl) into the second row of
(46) and using LC[”] 2, k(Lc NT = w”kp%], we have

3
N——

n=1
2K

_ ZLC["]Q”k ]
\—,_/

[n]
77kp1]

—7% = wijk E ﬁpz ri

(55)

3 [n]
= [wijn, 1] F:” LP } = kijkpis-

—7']
1T N————
gk Pij

J. Proof of Proposition 10
Stacking €7, for all points in P defined in (22), we get

sjc- = [ .. ,kijk‘Pij; .. ] = [ .. ;kijk:; .. ]‘PJ = CJC(,D” (56)

According to (5), the Jacobian matrix of € can be written as
J§=[0 . C;Jlj, - 0. (57

Using (56) and (57), we can easily verify that the non-zero
blocks of (J;?)TF:;? and (J;?)TJ;? have the forms as (27).
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